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Abstract: In this paper, a hybrid structure based on combination of linear and fuzzy models is proposed. 
The proposed structure is a trade-off between goodness of fit and modeling simplicity. For evaluation of 
the hybrid model two criteria are also suggested which are compatible with both Akaike Information 
Criterion (AIC) and Schwarz-Rissanen Information Criterion (SRIC), respectively. The proposed criteria 
can also be used for evaluation of both linear and fuzzy models. The proposed hybrid structure is used to 
model a transformer’s current time series and results are compared with linear and fuzzy models by using 
suggested criteria. Comparison results indicate the effectiveness of the proposed hybrid structure. 
 
1 Introduction 
 

 In past decades, the modeling and system 
identification are challenging and yet open 
problems. This is due to the fact that in modeling, 
it is necessary to find a good trade-off between 
keeping the model simple and minimizing the 
error between the model and the training data. 
However, keeping model simple conflicts with the 
other modeling objective, that is goodness of fit 
[8]. One of the main advantages of linear model is 
its simplicity and therefore fast convergence. 
Nonetheless due to the fact that most of real 
systems are nonlinear, utilizing linear models to 
identify these systems is not suitable, since the 
nonlinearity cannot be properly modeled and so 
the model loses accuracy. On the other hand, 
nonlinear models such as fuzzy models used for 
nonlinear systems have goodness of fit, but more 
complexity. Therefore, constructing simple and 
efficient model structure is a very important issue 
in nonlinear system identification. After a new 
model is constructed, it should be checked if it is  

 
suitable or not. A good model is the one which 
minimizes the error between the model and the 
training data. On the other hand, a good model is 
the one which is as simple as possible. Therefore, 
a general criterion to check optimality trade-off 
between two conflicting modeling objectives 
(simplicity and goodness of fit) is necessary [1]. 
So, an identification criterion has two parts: one 
part is related to the error and the other is related 
to model complexity. One of the most important 
criteria for linear models is Akaike Information 
Criteria (AIC) which is suggested by Akaike in 
1974 [1]. In 1978, Schwarz [2] and Rissanen [3], 
independently, derive a common criterion which is 
called SRIC. Other criteria that are similar to AIC 
have also been discussed in [4]-[7] where their 
difference is only in penalty coefficient for 
complexity selected as a function of sample size. 
In [8] AIC and SRIC are modified for evaluating 
fuzzy models construction. Certainly, the 
importance of simplicity and fitting the training 
data can be changed with respect to model 
application.  
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An effective strategy to reach suitable model 
architecture is to combine linear and nonlinear 
structures. One of the most widely known hybrid 
model is the Hammerstein which consists of a 
nonlinear static block followed by a linear 
dynamic block [9]. The Wiener model is gained 
by reversing the Hammerstein model structure that 
is a linear dynamic block is followed by a 
nonlinear static block [10]. Another hybrid 
structure is Linear-Nonlinear-Linear (LNL) which 
has a nonlinear static block between two linear 
dynamic blocks [11]-[15]. In [16], a Parallel 
Linear-Nonlinear (PLN) model is used for 
modeling electrical properties of neuronal 
membranes. In this model, nonlinear and linear 
compartments representing the active and passive 
properties, respectively. In [17] the fuzzy-AR 
model is used for approximating a nonlinear time-
variant process with a combination of several 
linear local AR processes using a fuzzy clustering 
method, and finally in [18], a combination of 
fuzzy and AR model is suggested which is used 
for forecasting fuzzy time series. It should be 
noted that in all mentioned methods, only simple 
nonlinear dynamics are used in hybrid model 
structures. 

In this paper a new hybrid model structure is 
suggested which is a novel combination of linear 
and fuzzy models. This hybrid structure is more 
effective than other models especially when the 
real system has a large number of inputs. For 
evaluating the proposed hybrid model, two general 
optimality identification criteria are also suggested 
that are the extension of the conventional criteria. 
Due to these criteria, the fitness-complexity trade-
off comparison is possible among the proposed 
hybrid, linear and fuzzy models. Finally proposed 
hybrid model is applied for one-step prediction of 
R-phase current time series of a three-phase 400-
kv transformer and results are compared with AR 
and Takagi-Sugeno-Kang (TSK) fuzzy models by 
the proposed criteria. Comparison results show the 
effectiveness of proposed model. 
 
2 Hybrid model 

 
Note 2.1: 
Since a multi-output system can be decomposed 

into several single-output systems, without less of 
generality, we consider only single-output 
systems. The approach can be easily used for 
multi-output systems by use of proposed hybrid 
model structure for each output channel.  

 

It is known that linear models have simple 
structure but often significant error in modeling 
nonlinear systems. Conversely, nonlinear models 
are more accurate but more complex. Therefore, to 
reduce error and avoid complexity we first 
construct a linear model for real system by the 
inputs as all system’s inputs, and then to improve 
the model and to achieve an optimal trade-off 
between accuracy and complexity, we identify a 
fuzzy block by the inputs as linear model’s output 
and some of the important system’s inputs. The 
importance degree of inputs can be found in 
several ways e.g., in time series forecasting, the 
importance degree of inputs decreases by getting 
further from the last step. The following block 
diagram shows how linear and nonlinear parts 
combined to construct a new hybrid model: 
 
 

 
 

In fact by changing the number of inputs in 
nonlinear block from zero to all, we are able to 
construct different models with different degree of 
complexity and accuracy. 

 
3 Suggested criteria for proposed 
hybrid model 
 

It is known that model suitability depends on 
both goodness of fit and complexity, so different 
criteria were suggested for evaluating models. The 
common feature for these criteria is to achieve the 
fitness-complexity trade-off. Furthermore, all of 
these criteria can be formulated as follows [19]-
[20] 

 
 

nNPIC ).()ˆln( 2 += εσ  (1)

 
 
where, )(⋅P  is a positive function of sample size 
and satisfies the following condition 

Figure 1. Block diagram of proposed hybrid 
model 
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One of the important criteria for linear models is 

AIC [1]. A suitable form of AIC from 
computational point of view is represented in [4], 
[20] as follows 

 

N
nAIC .2)ˆln( 2 += εσ  

(3)

 
where, N  is sample size, n  is the number of 
unknown parameters and 2ˆεσ  is estimated error 
variance and can be calculated as follows 
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where, )(iy  and )(ˆ iy  are thi outputs of real 
system and model, respectively.  

The constant “ 2 ” in the term 
N
n.2

 of (3) is 

penalty coefficient for increasing number of 
parameters. Although, AIC incorporates variance 
of error and number of model parameters, a 
drawback of this criterion is probability of 
overestimating the number of parameters of a 
model [21]-[23]. To overcome this drawback, it is 
suggested to consider a varying penalty coefficient 
(α ) which is 2>α  [21]. Pervious results have 
been shown that 4=α  is suitable for both linear 
and nonlinear model selections [24]. 
 
Note 3.1:  

In the rest of the paper, AIC is used 
with 4=α which is more suitable and 
straightforward. 
 

The other criterion is SRIC [2]-[3] which can be 
formulated as follows 
 

N
nNSRIC ).ln()ˆln( 2 += εσ  

(5)

 
where, penalty coefficient for increasing the 
number of parameters is considered as a function 
of sample size. 

The SRIC and AIC can be modified as follows 
for evaluating the fuzzy models [8]: 
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where, (.,.,.)s  is called complexity function and 
can be obtained: 
 

rcarca mcmmmmms .),,( ++=  (8)
 
where, am  is the number of antecedent 
parameters, cm  is the number of consequent 
parameters, rm  is the number of fuzzy rules 
describing the model, and c  is a weighting factor 
that determines the importance of the number of 
fuzzy rules. Choosing constant c  between two to 
five often leads to satisfactory results in fuzzy 
models. In this paper, constant c  is chosen three 
as the same in [8].  In fact, complexity function 

(.,.,.)s  measures complexity of a fuzzy model 
with respect to its adjustable parameters. 

Table 1 [8] shows the counts of antecedent and 
consequent parameters for two most applicable 
fuzzy models i.e., the Takagi-Sugeno-Kang (TSK) 
model and the Mamdani model with p inputs and 
q  outputs. Also, it is assumed that in both the 
TSK model and the Mamdani model, all 
antecedent variables use n  membership functions 
with α  parameters and in the Mamdani model all 
consequent variables use l  membership functions 
with β  parameters.  

 
Table 1 .Counts of Antecedent and Consequent 

Parameters in Mamdani and TSK Models 

 
Model 
type 

Counts of 
antecedent 
parameters 

Counts of 
consequent 
parameters 

Mamdani 
model 

 
β×× lq  

 
β×× lq  

 
TSK 

model 

 
α×× np  

 
)1( +×× pmq r  

Since our purpose is to compare proposed hybrid 
model with linear model and fuzzy models, we 
have to extend identification criteria such that 
extended criteria have the ability to use for 
evaluation of each model and also lead us to 
reasonable results. Therefore, we propose 
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Extended AIC (EAIC) and Extended SRIC 
(ESRIC) as follows 

 

N
nmmms

EAIC rca ]),,(.[4
)ˆln( 2 +
+= εσ  

(9) 

N
nmmmsN

EAIC rca ]),,().[ln(
)ˆln( 2 +
+= εσ

 

(10) 

 
One of the main advantages of choosing 

extended criteria as above is that if the number of 
inputs which are connected to the nonlinear block 
increase, complexity function (.,.,.)s  will become 
larger in comparison to n  and so, n  can be 
omitted. Therefore, extended criteria tend to 
criteria for only fuzzy models. The reverse version 
is also correct. It means, when the nonlinear block 
inputs decrease, complexity function (.,.,.)s  can 
be neglected in comparison to n  and so, extended 
criteria become as the same as their linear 
versions. Therefore, EAIC and ESRIC are 
compatible with other identification criteria and 
so, it is reasonable to have a suitable comparison 
between fuzzy, linear and proposed hybrid models 
based on EAIC and ESRIC. 

 
4 Results 

 
In this Section proposed hybrid model is applied 

for one-step prediction of R-phase current time 
series of a 3-phase 400-kv transformer and results 
are compared with AR and TSK fuzzy models by 
the proposed criteria. For the proposed hybrid 
model, AR and TSK fuzzy models are used as 
linear and nonlinear blocks, respectively.  

The sample size of the R-phase current 
is 600=N . For each model, the first 400  
samples are used as training data and validity of 
models are verified by the last 200  samples. The 
training and testing data are extracted from 
MATLAB software's identification toolbox. R-
phase current time series is depicted in figure 2: 

 

0 100 200 300 400 500 600
-800

-600

-400

-200

0

200

400

600

800

 
Figure 2. R-phase current time series of a 3-phase 

400-kv transformer 

 
In linear AR model the number of parameters is 

chosen 20=n . In TSK fuzzy model the number 
of inputs and outputs are selected 20=p  and 

1=q , respectively. Inputs have 3 Gaussian 
membership functions with 2 parameters. Outputs 
have 3 linear membership functions with 21 
parameters. The number of fuzzy rules is chosen 
to be 3=rm . To find rules and parameters of 
fuzzy model subtracting clustering method [25]-
[26] is used.  In hybrid linear-fuzzy model, the AR 
linear model is selected to have 20=n  
parameters. The TSK fuzzy model has 4=p  
inputs and 1=q  output. Inputs have 4 Gaussian 
membership functions with 2 parameters. Outputs 
have 4 linear membership functions with 5 
parameters. The number of fuzzy rules is chosen 
to be 4=rm . Applying the optimality criteria 
EAIC and ESRIC to the linear, fuzzy and hybrid 
models the following results are investigated in 
the following Table: 
 

Table 2 .Comparison results based on proposed 
extended criteria 

 
Model type 

Estimate
d error 

variance 

EAIC 
criterion 

ESRIC 
criterion 

Linear model 3.3207 3.4540 3.5339 
TSK Fuzzy 

model 
1.4317 2.7117 3.4787 

Fuzzy-Linear 
model 

1.8194 2.4594 2.8466 

 
With respect to the above Table we can state: 
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1. The fuzzy model has the minimum error, 
but the most complexity. 

2. The linear model is the simplest of all, but 
has poor accuracy in comparison to the 
others. 

3. The hybrid linear-fuzzy model minimizes 
both optimality criteria EAIC and ESRIC. 
This means that the proposed model is a 
trade-off between complexity and 
accuracy which are two opposite 
objectives in identification and modeling.  

 
Therefore, the hybrid linear-fuzzy model is 
optimal with comparison to both linear and 
fuzzy models based on the optimality criteria 
EAIC and ESRIC. 
 
 
 

5 Conclusion 
 

 In system modeling and identification the trade-
off between accuracy and complexity is necessary. 
To verify balancing between error reduction and 
complexity, we compared linear, fuzzy and 
combined linear-fuzzy models with two optimality 
criteria i.e., EAIC and ESRIC. After applying 
optimality criteria to each model, it is investigated 
that the best model is combined linear-fuzzy 
model that minimizes both criteria. On the other 
hand the fuzzy model is the most accurate but has 
most complexity and linear model has poor 
accuracy but least complexity. Therefore, the 
proposed hybrid structure is an optimal trade-off 
between complexity and accuracy, especially 
when the number of real inputs is high. 
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